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THEORY OF ANISOTROPIC FERROMAGNETIC COLLOIDS

V. M. Suyazov UDC 538.4:532.584

Introduction. In present theoretical descriptions of the flow of a ferrofluid (a sta-
bilized surface-active colloid consisting of ferromagnetic particles in a fluid carrier)
various approaches and approximations have been used [1-12]. One of the first hydrodynamic
models of a ferrcfluid [1] assumed that the magnetization relaxation time T was small in
comparison to the characteristic macroscopic times of the problem; in this case one can put
T = 0, and consider the magnetization of the medium as given by an equilibrium equation of
state.

Unlike this approach, in [2-4], models were developed where the relaxation time T is
finite, sc that the change in magnetization is given by a relaxation equation, which together
with the other equations of the theory describe the magnetization dynamics of magnetically
isotropic ferrcfluids. From the microscopic point of view, magnetic isotropy of the ferro-
fluid implies that the magnetization is frozen in the particles or the generalized magnetic
anisotropy constant X of the particles is infinite. This means that the orientational change
of the magnetization in these models is determined entirely by the rotation of the particles
{Brownian relaxation [5] with relaxation time 715).

In the case where the thermal energy kT is comparable to the (finite) magnetic aniso-
tropy energy of a particle kV, where V is the volume of a particle and k is the Boltzmann
constant, the latter emergy is not large enough to keep the magnetic moment frozen inside
the particle against the thermal fluctuations. The orientational change of the magnetization
in the general case where the magnetic moments are partially frozen will be determined both
by diffusion of the moment with respect to the particle (Néel relaxation with relaxation time
T, [5}), and by the Brownian rotation of the particles, which for hydrodynamical flow and
for tv; << 1 will determine the macroscopic magnetic anisotropy of the ferrofluid.

The first treatment of the effect of partial freezing of the magnetic moments on the
effective viscosity of the ferrosuspension was considered in [10]. However, this treatment,
based on kinetic ideas, did not yield a definite formula for the effective viscosity, which
would contain the previously known formula for the rigid magnetic dipole model, or a general
macroscopic equation of motion.

A series of papers [8, 11, 12] are of interest, inwhich a general macroscopic equation
was formulated taking into account the finiteness of the magnetic anisotropy energy of the
particles by introducing into the theory a macroscopic vector parameter A defined as the
internal magnetic anisotropy field. In the equilibrium state this parameter is taken to be
proportional to the magnetization A = am, where the coefficient a is defined as a parameter
giving the degree of freezing of the magnetic moments with respect to the particles.

Calculations of the dependence of the viscosity on the field strength £ in a state of
partial equilibrium using these equations [8] yields remarkable agreement between theory and
experiment for a suspension of magnetite in kerosene. However, this agreement should not be
taken as unequivical support for the above interpretation of the parameter o (or for the
assumption that the deviation of the experimental viscosity dependence from the rigid dipole
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model is due only to partial freezing of the magnetic moments) since the agreement between
theory and the experiment in [8] occurs because the experimental dependence of the parameter
a on ¢ is substituted into the theory. Also one cannot exclude the effects of impurities in
the experimental data, the influence of such factors as the presence of clusters, chainlike
aggregates, polydispersion of the particles, and other factors not taken into account in the
theory [8], It is well known that these effects are important in real ferrofluids at high concentra-
tions and significantly affect the hydrodynamics and other processes. For example, the fea-
tures of the Debye relaxation spectra for ferrofluids such as a suspension of magnetite in
kerosene were explained in [9] assuming the existence of two kinds of particles with differ-
ent relaxation times 1, and T, such that T, << 12, i.e., the assumption of an isotropic, ri-
gid dipole component in the ferrofluid. It is thus of interest to study the effect of parti-
cle-size dispersion on the effective viscosity of the ferrofluid.

In addition, the theory [8] uses a vector anisotropy field A to characterize the partial
freezing of the magnetic moments. Although such a device is widely used in physics (such as
polymers, where internal scalar, vector, and tensor variables are used to characterize relax-
ation processes), in a state of partial equilibrium, the relaxation equation used in [8] re-
duces to a single relaxation equation for the magnetization, which can be written as the sum
of two parts: the instantaneous value m, and the relaxation part m,. This suggests that
instead of introducing a vector anisotropy parameter in the theory, from the beginning we
write the magnetization as a sum of two parts, each of which is described by its own relaxa-
tion equation.

The present paper discusses these aspects of the theory of an anisotropic ferrofluid.
The theory is developed using the ideas of interpenetrating magnetizable continua worked out
in [3]. We consider a physical model of the magnetization of the ferrofluid in which there
are two relaxation mechanisms. The magnetization is written as a sum of two parts, my and
mz, with characteristic relaxation times given by 1, and 1,. In a real ferrosuspension this
situation can occur in two cases: 1) the ferrofluid consists of two types of particles with
significantly different magnetic properties (the two-particle model discussed in Secs. 1 and
2); 2) the ferrofluid consists of only a single kind of particle, but the magnetic moments
are partially frozen (the single-particle model discussed in Secs. 3 and 4). In the first
case, the relaxation times 7; and 1, will be determined by the usual Brownian relaxation
times. In the second case 1; and 1, are determined by Brownian and Neel relaxation times.

The anisotropy in both cases arises due to the effect of the two relaxation mechanisms
of the magnetization when T, << 1. If we apply an external field over a period of time of
order 1,, the component of the ferrofluid magnetization in the direction of the field will be
given by m,; and will increase to the value m, over a time of order t12. Under certain dynami-
cal conditions, it is possible to separate the effects of the magnetizations m; and m; on
processes which also can arise from flow anisotropy. We illustrate the theory by an analysis
of the effective viscosity of a ferrosuspension.

1. Basic Equations for the Two-Particle Model of an Anisotropic Ferrocolloid. The set
of equations for a ferrosuspension mixture consisting of interpenetrating components capable
of separating was formulated in [3]. We write out the equations in modified form for the
following physical model. The ferrofluid will be considered as a suspension of ferromagnetic
particles of two kinds, with different magnetic properties, in a fluid solvent.* The differ-
ent properties of the particles may be due to differing particle sizes, or due to the forma-
tion of coagulated colloidal particles [7] which lead to different values of the particle
magnetic moments. Other interpretations are alsc possible. We assume that the magnetic
moments of one group of particles are completely frozem; in the other group the moments are
assumed to be partially frozen.T Themagnetization relaxation times for the two groups of
particles will be different in all cases; thus, it is necessary to consider two relaxation
equations for the magnetization. In addition, the force created by the rotating magnetic
moments will be smaller for particles of smaller size (or for particles with partially fro-
zen magnetic moments) than for the other group of particles. This is due to the differing

*This is an approximation bectause in most real ferrosuspensions there is dispersion in parti-
cle sizes which obeys a distribution law.

tHere we do not describe in detail the processes of partial freezing of magnetic moments; it
is mentioned only to illustrate the differences in magnetic properties of the two groups of
particles. Larmour precession of the magnetic moments is everywhere ignored.
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rotational velocities of the particles, w; 5= wz. We will assume that particles of both
groups are frozen translationally in the fluid solvent so that their translational velocities
will be equal to the velocity of the fluid. Hence we have v, = vy = V.

Under the above assumptions, and in the absence of free charges, and vanishing conduc-
tivity and polarization of the medium, the set of equations developed in [3] can be written
as follows:

The electrodynamic equations:

, duh Jugm de,e
yxe+ —— == — VX (UemXv), yxh— =90, (1.1)

Veolh+m) =0, yegge =0, m=m; -m,.

The equations of continuity, the conservation laws for momentum and angular momentum,
and the entropy production inequality v:

o' oyv =0, pv: = y-t - (pem-y) h — v X (pym-y) € — pligit” < £e8,

Pl @y == oS - b X T umgxn -~ U{a) L, n=h—vxege, t=t|-t,

. . ) (1.2)
pTy = —T7Q.y7 -~ (@, — 0y L+ pt’. - {yv) +
: jg - (b : 204) + { ' ) ' )
o= Sov e Vo =5 (b3 1) (V X ¥ — 204) + {Paltobo -~ @ X M) DVls — o R[>0, a=1,2,
=1
where
j g 7]
M = —%§ o= ——né%—, ENe :'p—‘;“: i)p?:,; 1 = gle + Dl R, = gile X Uolgy; (1.3)
t= —al & pt; my = pglys 0= 01 F 003 OB = pily T 0aly; T = {89);

28 = (it L+ HY; U(o) = (—1)e-L.

Here e and h are the electric and magnetic field vectors, e, Ug are the electric and
magnetic constants, ty, s, are the force and torque stress temsors, L is the diffusive inter-
action torque, ¢ is the free energy, Q is the heat flux vector, V is the Hamiltonian opera-
tor; I, are scalar constants with units of moment of inertia per unit mass. The operationsO
and x stand for the scalar and vector products, respectively. For the density p, we take
the ratio of the mass of particles of type « and the surrounding part of the fluid to the
volume of the entire mixture. Relations between p,, Iy, and the number of particles n, and
the microscopic characteristics are not specified. The dot superscript denotes a total time
derivative.

The set of eguations (1.1) and (1.2) must be supplémented by constitutive equations for
the 19 irreducible thermodynamic fluxes; these equations relate the fluxes to the thermody-
namic forces via tensor kinetic coefficients which will be functions of the magnetization
vectors. Here we do not write out the explicit general form of these equations, but give
a particular form of the constitutive equations used below for the case of an incompressible
isothermal momentless ferrofluid

ik ik i
t :___pal - Oy (vi,h '[- Uh,'i) - ﬁzks (bi + b;), Lk = l]_ ((A);l -— (.O;T')z bOL =

=B (VX v — 20,), (1.4)
. 1 .
P — 01y = <= (Magh — o) - - (magh — my), sy = Kih, b == Wk,

SN ®,> _ 1 h 1 Kl
Doy — @, XM, = —T_;(’n‘z() — M) ";"‘I?;' (mph —my), My, = K,h.

Here K; and K; are the equilibrium susceptibilities of the ferrosuspension from parti-
cles of the first and second kinds, and p is the hydrostatic pressure. The relaxation times
Ti, Tz, T are related to these comstants [3] as follows: 7T, = ueKi/uy 1), Ty = uoKz/ui(z),
T = uoKa/uz ‘), and they satisfy the thermodynamic restrictions
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K, By, 1y, 1520, 2K, — 11,K, > 0. (1.5)

Equations (1.1) to (1.5) are a closed set of equations for Vv, wy, my, and h for the case
e = 0,

2, Effective Viscosity in the Two-Particle Model. 2.1. General Expression for the Ef-
fective Viscosity. We determine the effective viscosity of the ferrosuspension for flow into
a plane aperture in a uniform transverse magnetic field and a pressure gradient p,; = const.
The x; axis of a Cartesian coordinate system Ox,;X,xs is taken along the direction of flow,
while the x» axis is along the external magnetic field. The xs; axis is perpendicular to the
plane of motion. The velocity and vector magnetization fields are written in the form

v=10(1,), U3 =0, =0, 0, = 0 (z,), 0og=02=0, (2.1)
m, = mmh + my;, M, = mgoﬁ + My,
From the assumed smallness of the relaxation times, it follows that the my are of the

same order and wyTgz << 1, w3T: << 1. Then the magnetization equation (1l.4) in the linear
approximation gives

m m m,, K m,
30 3 10 3 10 %o 3 20 3
My = —— Wy — e Mg = ~—— == 0] — ~—== =
T N7 N At BN N A
K — 11K (2.2
1 1Y¥attg i
:——-—-——">O‘ .

T T KT

The equations of motion (1.1), using (2.1) take the form

— Py (O‘z ~+- ‘gl) (2)) Vg9 + {)B(ll)(‘)l 2+ 2{3@ (‘)0 2=0,
— 2B (v,o + 208) + pomanh 4 Iy (0 — 0f) =0, (2.3)
- 213(12)(37,2 + 2(1’3) -+ Hoarh — 4 (@z - “’1> = 0.

With the help of (2.2) we can write
—py + (ay -+ An)Uyzz = 0,
TH[2p0B, -+ 28PB5] va,  0F = ATM[28PB1 + 280 B;] v,
By = 4BP - pymaph/ 1,8, B, = 4P L pymagh/TA, By = mohp/TA, (2.4)

By=By--l, Bi=Bi+l, By=By+ly, A= — BBy — Iy (B,-B,—2B,)+ B,
B, = myuWhi/Ty, By = myhitg/T1;

An = [—Bi"ByB, — BPB,B, — (B + BY) b (Bs + By — 2B;4) + (2.5)
A (ﬁ<1)+ 6(2)) A+Sp(l) (2)B A]/AAl

Equation (2.5) gives the correction An to the usual shear viscosity., The correction is
determined by the field strength h, the rotational viscosities Bx(l), Bz(z , Ly, and the
relaxation times t,, T2, T.

2.2 Effect of Dispersion in the Values of the Magnetic Moments of the Particles on the
Effective Viscosity. We consider the viscosity (2.5) in the limit t - », In this case we

have A = (T1,T2)~ %, and the viscosity can be written out explicitly in the form

N = B{ maolteTy o B magtig.
- i
4B + T ypgmygh 48D+ T pom

( 1) (2))1 hm T, pohmm’rl . AJ
! [45(1)'*‘71”'0"110’2] [45(2)+72”0 20/ ]

A= [1 + ll/ (4‘5&1) =+ Tl!-‘ohmlo) + ll/ (45(12) -+ Tzﬁohmzo)]_l

(2.6)

We assume that the relations of the theory of polar dielectrics and the Langevin theory
of paramagnetism are valid for both kinds of particles (with concentrations n, and np, and
magnetic moments My; and Me2):
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Fig. 1

3,M o T ) 2.7)
Y = ) Patipy T = ‘3%70‘7 g = Mo 01 s &= —"%]10‘:—1 L) =
=ctht — -i- My = mMoL (B1), Mg = neMoL(E), @,= ¥1 4+ Pu.
When (2.7) is valid, the correction to the viscosity (2.6) takes the form
A1 % pre 4 DE)
= == D "‘L _— a7y LB 7 —IL'
B2 { G+ 5 PO+ 5 s+ e &y
llD (’él) I ) 11 -1 (2 8)
4t A, A=|1-L - .
T Mo, G EL (g))] [1 bongdey 2+ 5L (5) T N3P, 2+ EL (E))] ’
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The rotational velocities of the particles are given by

o7 = AT [9pipams (2 + EL (B)) + 3o} ve 03 = AT {90193 (2 4
B L&)+ Senold] v Ar= — 9oy (2 + EaL (B1)) (2 + EL(B)) — (2.9)
— 133np [@1 (2. Bl (81) + @2.(2 +EL (B)))

When the magnetic moments of the first and second groups of particles are the same, i.e.,
£ = g,, the viscosity correction (2.8) reduces to that in the single-particle rigid dipole
model: An = (3/2)gnoD(£) for all values of 1,. Hence, the rotational diffusion friction 7,
does not contribute to the viscosity correction in this case., This follows from the equality
of the rotational velocities of the particles in this approximation, as seen directly from
(2.9).

It is clear from (2.8) that if the parameter l,, which has dimensions of a viscosity,
does not depend on £ and £, then in the limit £,, £ » < we obtain for the saturation vis-
cosity the value in the rigid dipole model, 3¢ne/2. It follows from (2.9) that the rota-
tional motion of the particles is completely frozen. For £, = £ = 0 on the other hand, the
particles rotate freely with the circulation velocity of the fluid solvent w; =—(1/2)v,a.

The dependence of An/39¢no/2 on & calculated from (2.8) is shown in Fig, 1. Curves are
shown for the values.¢ = 0.19, ¢, = 0.1235, ¢, = 0.0665, &, = 0.35. Curve 1 refers to the
rigid dipole model for a ferrosuspension with particles of a single kind. Curves 2 and 3
are constructed for 7,/ne = 0 and Z,/ne = 1, respectively.

Comparison of curves 1 and 2 shows that dispersion in particle sizes (or particle mag-
netic moments) leads to a decrease in the viscosity correction An in comparison to the single-
particle rigid dipole model. This is in qualitative agreement with the data [8], shown as
points in Fig. 1. In [8], the viscosity correction was studied for angular Couette flow for
a suspension of magnetite in kerosene (stabilized by oleic acid) in a transverse field. The
hydrodynamic concentration of magnetite was 0.19, According to [9], in a ferrofluid of this
kind the fraction of particles undergoing Neel relaxation is 0.65. In addition, the magnetic
moment of the colloidal particles is 3.64 times larger than that for the separate ferromag-
netic particles [7]. This suggests that in the calculation we assume that the fraction of
particles with smaller diameter is 0.65 and Mo: %0.3M, and use the polydispersion of the
ferrosuspension to interpret the data of [8].

The above analysis shows that the experimentally observed decrease of the viscosity of
the ferrosuspension in comparison to the theoretical value for the single~particle model,
along with the idea of a partial freezing of the magnetic moments in the particles [8] can
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be partially explained by dispersion in the sizes of the particles and their magnetic moments.
Also an increase in the parameter 7, lessens the effect of lowering the viscosity (see curve
3 of Fig. 1), i.e., rotational diffusion friction leads to an additional increase in the flow
viscosity.

2.3. Effect of Neel Superparamagnetism of Particles of the First Kind. We assume that
the magnetic moments of particles of the first kind can diffuse relative te the particles
with a relaxation time 1, << T,, where T2 is the Brownian relaxation time for particles of
the second kind. Since we can then put 7: = 0, this means a total freezing of the orienta-
tional degrees of freedom of the magnetic moments for particles of the first kind. The limit
1, + 0 also implies that we ignore dissipation of energy due to the relaxation of the magne-
tization m;. Then from (2.6), the assumption (2.7), and 17, = 0, we find for the viscosity
correction

3 EL (§) ] Lo L -1
AN =, = -4 e, )
=2 (1 50,7, ) (1 T B, TR T,0 T i (a))) (2.10)
The rotational velocities of the particles can be written in the form

of = AT [99upan§ (2 -+ EL () + 3gmoh] v.a, 0F = A [18pupunt + (2.11)
-+ 3(Pﬂol1] Vo Ar=—18¢0mo (2 + EL (8)) — 3ok (2 + @.EL (8)).

Taking the limit £ - « we obtain from (2.10) the limiting value of the saturation vis-
cosity:

3 bp9.M,+ 9l

2 P, - 9yl (2.12)

Aﬂw/ﬂozz

It follows from (2.12) that An®/ne < ®/, ¢ where the right-hand side is the viscosity in the
rigid dipole model. This is in qualitative agreement with the data of [7] where for a sus-
pension of magnetite in kerosene with concentration ¢ = 0.24, the value An"/n, * 0.06 is
found for the saturation viscosity. This is significantly smaller than the theoretical value
of 3¢/2 = 0.36 for the rigid dipole model. According to estimates made in [9], for this kind
of ferrosuspension the fraction of particles undergoing Neel relaxation is 0.65, which gives
¢, = 0.156, 9, = 0.084. Calculation of the viscosity from (2.12) for the minimum value 7; =
0 leads to the value An®/no = 39;/2 = 0.126 which qualitatively corresponds to experiment,
but quantitatively exceeds the experimental value of 0.06. This discrepancy can be explained
by the fact that in a real ferrosuspension, particles of the second kind have only partially
frozen magnetic moments, and this is not account for in the derivation of (2.12).

It is of interest to consider the effect of increasing field strength and parameter I,
on the rotation of particles. From (2.11) with £ = 0 it follows that the particles rotate
with the circulation velocity of the solvent wé = —-(‘/2)v,2, and the viscosity correction
An = 0 vanishes. For £ - « rotation of particles of the second kind is completely frozen
(w2 = 0) while particles of the first kind rotate with velocity

3 — 397y
@y == 6@1”0 T ll Va2,
which is less than the circulation velocity of the solvent when 7, % 0. The rotational damp-
ing of particles of the first kind is due to diffusive interaction with particles of the
second kind which leads to an increase in the flow viscosity. When 7,/no = « particles of
the first kind are also completely frozen and the saturation viscosity (2.12) is a maximum
and equal to the rigid dipole value of An®/ne = 3¢/2. Thus with a decrease in the diffusive
rotational friction, agreement between theory and experiment is improved. The dependence
of the viscosity ratio An/An® on £ for Z,/no = 1 is close to curve 3 in Fig., 1. Hence the
effect of lowering the viscosity with respect to the rigid dipole model also occurs when
(2.10) is used.

3. Basic Equations for the Single-Particle Model of an Anisotropic Ferrocolloid. We

assume that the difference in the rotational velocities of the particles vanishes, i.e.,
W = Wy = wae Then (1.2) for e = 0 takes the form ,
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o+ pyev =0, pv' =y t(um y)h, pJor=y-s+tx -I4+pomxh,
0Ty = — T7HQuyT & pt* s (y¥)° + 8+ +y0 -+ 5 (63T (VX ¥ — 20) + (3.1
+ 0 R+ ppty (15 — 0 1) -l + oo (13 — ©X 1) o1, 20, m = my+-m,,

$=811 Sy, 0= 01 P2 B =g X UeMy - £l X Ry, ap=0(ap)/dt +y-(vpa), plg=my,.

The restriction R = 0 resulting from the entropy production inequality (3.1), unlike the
restriction Ry = 0 from (1.3), gives the free energy ¢ in the form

2 2
oty Ko'™9 Boliy - 11,

- : ; 2 .2}
¢ = (PO(p 17 T) -t ZPKl + ZPKZ iy sz H -Klv K‘.’,> 01 AO:K§ “K1K2> Oa (3 /

where terms involving the constant Ks can be interpreted as a dipole-dipole interactiomn.
From (3.2), (3.1), and (1.3) we find the equation of state

aq>0 m m m m,

o= 2 3
ap"'

+ o (g — o) E,Th:_i‘]*—““a B =% T F - (3.3)

3 2 3

The dissipative parts of the constitutive equations, in the simplest case of an incom-
pressible, isothermal fluid, are given by

PR = — pb* 4 o, (Ui + Uny) -F 8BS, b = oy (P RV — 20),5=10,

i [ 1 K
2

pp‘l—mxml——-[mloh ml——-———m2 —'r My h —mMy— I, |,
1 3

(3.4)

-

. i K, 1K, X,
Olt; — @ X I, :;;[mmh—mz—-k—sml] +——E'K_1 myh —ml—_lf'3m2 .

The equatioms (3.1) to (3.4) along with (l.1) are a closed set of equations for v, w,
m,, M2, h.

4, Effective Viscosity for the Single-Particle Model of an Anisotropic Ferrocolloid.
Since Eqs. (3.1)-(3.4), unlike the model of [2], have two magnetization relaxation mechan-
isms, they can describe the effect of partial freezing of the magnetic moments with respect
to the particles on the effective viscosity of the ferrosuspension. Following the analysis
of Sec. 2 above, we find the value my = y,h + my., where

Ao = KaKa (K3 —_ KOL-[—(-—I) )/Ao, A1 = A /T]_T;?_Ks K /Tf KU m, == My, -¥—
Fmyimy = — Bw®h; By = Afl{['l:(K3~—K1)—-rl (B3—K,)] yo/ Kyt -1k, (K3 — Kp) — 1K, (K — K )i/ K K51},

which gives the viscosity correction

o o Bk B
Any = 4__——053—1—35;;‘,?12_’ B, = Ky [%:7 (K3 — K,) -+ %371 (Ky— Ko)]/A,, 4.1)

By = 1,K5 (Ky — Ky) /A%, By = K,

The viscosity correction An, depends on the relaxation times 7., Ta, T, the rotational
viscosity as and the parameters K;, Ka, Kj.

The values j = 2 and j = 3 correspond to 1 + @ and 7 > », 71, = 0, For j = 4 we take
in addition Ky + ». Because mp = yxh and Kz = ¥ — K;, we can transform An. from (4.1) to the
form Anas = asM/(ash + M), M = uomohta(x—K,;) /X, which is the value obtained in [8] under the
assumption of partial equilibrium, when the magnetization is directed along the total field
h + A where A is an internal anisotropy field.

OQur analysis shows that in the description of partial freezing of magnetic moments, it
is in general not necessary to introduce a hypothetical internal anisotropy field as was
done in [8]. The assumption of two magnetization relaxation mechanisms is sufficient, and
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is consistent with the physics of the magnetization in a ferrosuspension. For an applied
field the magnetization of the ferrosuspension in the direction of the field instantly (for
T, = 0) takes the value m;, because of Néel relaxation. But over a time of order T, the
magnetization of the ferrosuspension increases to the value mao because of Brownian relaxa-
tion. 1In the equations given here, terms involving the coefficient Ks in the equation of
state (3.3) correspond to the effect of internal fields on the magnetization m; and m, due
to the existence of magnetizations m; and m,, respectively. This recalls the situation in
antiferromagnets where there are also two effective fields resulting from the magnetizations

m; and m, of the sublattices.
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EVOLUTION EQUATION FOR THE VORTEX DISTRIBUTION FUNCTION
IN THE PLANAR CASE

Yu. N. Grigor'ev UDC 532,517

In [1-5] a system of linear vortex lines in an ideal fluid is used as a model of two-
dimensional turbulence. There are examples which support the plausibility of this model;
in particular, results have been obtained with the model which are interesting from the peint
of view of the statistical theory of turbulence [1], dynamical meteorology {4], and numerical
modeling of the streamlining of bodies at large Reynolds numbers [51.

In the above papers the. system of vortices was studied in a state of statistical equili-
brium. But in real hydrodynamic turbulence, nonequilibrium states of the fluid are import-
ant as well, where the evolution is characterized by statistical irreversibility. It is
therefore of interest to consider nonequilibrium evolution in model systems by the methods
of kinetic theory [7, 8]. Some asymptotic solutions of the BBGKY hierarchy for a system of
linear vortices have been considered in [1].

In the present paper, the nonequilibrium statistical properties of this model are stud-
ied using the Liouville equation for an ensemble of vortex lines. Analysis and summation
of the formal time-dependent perturbation series are carried out with the help of the dia-
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